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Introduction

Modeling the breakup of fluid particles in turbulent flows
plays a central role in chemical engineering. A very large
amount of contributions are proposed to model the breakup
mechanism that can mainly be classified as algorithmic
models1–3 and phenomenological models.4–9 Among these
models, phenomenological models have received extensive in-
terest from researchers over the years. However, uncertainties
regarding the reliability of such models lead to quite different
forms of breakage functions when similar physical arguments
are used.10 The model proposed by Luo and Svendsen5 was
quite different from other models since it needs no adjustable
or experimentally-determined parameter. This model was
based on the theories of isotropic turbulence and probability,
and has been widely used in recent years.11–14 Based on the
same framework, several attempts to improve this model have
been appeared in the literature.7–10,15 Among these works,
Kostoglou and Karabelas10 proposed a unified framework for
the derivation of breakage functions based on the statistical
description of isotropic turbulence. A literature review on the
existing theoretical breakup models can be found in a recent
article by Liao and Lucas.16

One of the main drawbacks in breakup modeling is the cal-
culation of breakup rate and daughter-size distribution, which
are time-consuming because a triple integral is involved in the
governing equations, and, therefore, the need for an efficient
algorithm to calculate the integrals appeared in the model is
essential. This has led to the development of numerical algo-
rithms over the last few years.17–22 Among these algorithms,
the one proposed by Wang and coworkers21 has received
many interest as can be seen in the literature.10,23–25 The algo-
rithm uses a recursive procedure to calculate the breakup

probability density, which reduces the triple integral into a
double integral by introducing a cutoff energy as the upper
limit of integration. The accuracy of the solution depends
severely on the discretization of breakage fraction.

An improved recursive algorithm to calculate the probabil-
ity density in breakup models is presented. The modified
algorithm gives considerably faster solutions than the one
proposed by Wang et al.7 A structured discretization is also
used for breakup fraction which significantly improved inte-
gration accuracy and computational efficiency.

Improved Recursive Algorithm

The probability density for a fluid particle with size d
breaking with breakup fraction fv, when hit by an eddy of
size k can be expressed as

PBðfvjd; kÞ ¼
Z 1

0

PBðfvjd; ek; kÞPeðekÞdek (1)

The upper integration limit can be replaced by a cutoff
energy ek,cutoff, which was set to be 10�ek by Wang et al.21

and the lower limit of integration should be replaced by the
critical eddy energy, which is the minimum eddy energy that
can lead to a breakage event,10 and can be obtained from the
solution of equation fv,min(ek,crit) ¼ fv,max(ek,crit). The mini-
mum and maximum breakup fractions can be calculated
from capillary pressure constraint and surface energy
increase constraint, respectively. The breakup probability
distribution according to Wang et al.7 is written as

PBðfvjd; ek; kÞ ¼
1

fv;max�fv;min
;

fv;max � fv;min � d
and fv;min\ fv\ fv;max

0; else

(
(2)

where d is a parameter having a small value to avoid
singularity. Although the authors assumed that small eddies
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have almost no effect on breakup, but (as denoted by
Kostoglou and Karabelas10) it tends to reduce the breakage
rate since the lower limit is now obtained from the solution of
fv,max(ek,crit) � fv,min(ek,crit) ¼ d.

The eddy-energy distribution Pe(ek) as proposed by Angel-
idou et al.26 decreases exponentially with k

PeðekÞ ¼ 1

�ek
expð�ek=�ekÞ (3)

where �ek ¼ pk3qc�u
2
k

�
12 is the mean kinetic energy of the

eddies. Figure 1 shows variation of the integrand
PBðfvjd; ek; kÞPeðekÞ, with ek in the range ek;crit � ek �
ek;cutoff . As can be seen, the integrand has a very slow slope
in a wide range of eddy energies and grows steeper as ek
approaches ek,crit. The algorithm used by Wang et al.21 uses
rectangular segmentations to calculate

R ek;i
ek;i�1

PBðfvjd; ek; kÞ
PeðekÞdek (Figure 2a), while considering the shape of the
integrand in the range ek,crit � ek � ek,cutoff, use of structured
trapezoidal segmentations (Figure 2b) can significantly
improve integration accuracy and computational efficiency,
since in Wang’s algorithm, the integrand needs to be
calculated at point i � 1=2 (surface energy-controlled region),
or i þ 1=2 (capillary pressure-controlled region), which requires
iterative procedure. Having chosen discretization points for fv,
the modified recursive algorithm of Wang et al.21 can be
treated as follows.

Surface energy-controlled region

In this region, only eddies with kinetic energy larger than
cfpd2r can cause breakup with breakup fraction fv.

21 The
probability density is calculated recursively from fv;N ¼ 0:5
to fv,c as follows

PBðfv;N
��d;kÞ¼ R ek;cutoff

ek;N
PBðfvjd;ek;kÞPeðekÞdek; ek;N\ek;cutoff

0; ek;N � ek;cutoff

�
(4)

and

PBðfv;i�1

��d; kÞ ¼ Z ek;cutoff

ek;i�1

PBðfvjd; ek; kÞPeðekÞdek

¼
Z ek;i

ek;i�1

PBðfvjd; ek; kÞPeðekÞdek

þ
Z ek;cutoff

ek;i

PBðfvjd; ek; kÞPeðekÞdek

¼ 1
2
ðek;i � ek;i�1Þ PBðfv;i�1

��d; ek;i�1; kÞPeðek;i�1Þ
�

þ PBðfv;i
��d; ek;i; kÞPeðek;iÞ

�þ PBðfv;i
��d; kÞ ð5Þ

with i ¼ 2,3,…,N and fv,c satisfies the equation
cf ;crpd2 ¼ rpk3

.
ð6df 1=3v;c Þ. The probability distribution func-

tion is chosen to be constant in [fv,min, fv,max] and

PBðfv;i
��d; ek;i; kÞ ¼ 1

fv;i�fv;i;min
; fv;i � fv;i;min � d

0; fv;i � fv;i;min \ d

�
(6)

where

fv;i;min ¼ pk3r
6ek;id

� �3
(7)

and

Figure 1. Variation of the integrand with eddy energy.

d ¼ 0:006 m; k=d ¼ 0:7; e ¼ 1 m2
�
s3; r ¼ 0:0725 N=m

and d ¼ 0:001ðek; crit ¼ 1:0844� 10�6 JÞ:

Figure 2. The methods for the calculation of integral
(shaded area).

(a) Wang et al.21 and (b) this work.
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ek;i ¼ f
2=3
v;i þ ð1� fv;iÞ2=3 � 1

� 	
pd2r (8)

Capillary pressure-controlled region

In this region, only eddies having kinetic energy larger
than pk3r

�ð6f 1=3v dÞ can cause breakup with breakage frac-
tion fv.

21 The probability density is calculated recursively
from fv,0 ¼ 0 to fv,c as follows

PBðfv;0
��d; kÞ ¼ 0 (9)

PBðfv;1
��d; kÞ

¼
R ek;cutoff
ek;1

PBðfvjd; ek; kÞPeðekÞdek; ek;1\ek;cutoff

0; ek;1 � ek;cutoff

(
ð10Þ

and

PBðfv;iþ1

��d; kÞ ¼ Z ek;cutoff

ek;iþ1

PBðfvjd; ek; kÞPeðekÞdek

¼
Z ek;i

ek;iþ1

PBðfvjd; ek; kÞPeðekÞdek

þ
Z ek;cutoff

ek;i

PBðfvjd; ek; kÞPeðekÞdek

¼ 1
2
ðek;i � ek;iþ1Þ PBðfv;i

��d; ek;i; kÞPeðek;iÞ
�

þPBðfv;iþ1

��d; ek;iþ1; kÞPeðek;iþ1Þ
�þ PBðfv;i

��d; kÞ ð11Þ
with i ¼ 1,2, …,N � 1, and the probability distribution func-
tion is

PBðfv;i
��d; ek;i; kÞ ¼ 1

fv;i;max�fv;i
; fv;i;max � fv;i � d

0; fv;i;max � fv;i \ d

�
(12)

where fv,i,max is found from

f
2=3
v;i;max þ ð1� fv;i;maxÞ2=3 � 1 ¼ ek;i

�ðpd2rÞ (13)

and

ek;i ¼ pk3r

6f
1=3
v;i d

(14)

Since the modified algorithm have only one iteratively
found parameter, i.e. fv,i,max, then it clearly has a computa-
tional time less than the one proposed by Wang et al.21

Discretization of fv

Figure 3 shows the effect of energy dissipation rate e on
PBðfvjd; kÞ. The variation of the daughter bubble/droplet size
distribution is sharper in small fv range, especially when the
bubble and/or the energy dissipation rate are large. To get a
higher accuracy for a given number of fv divisions, a fine di-
vision of fv is recommended when fv is small. Since the
function PBðfvjd; kÞ is singular around fv ¼ fv,c, thus, the use
of a very fine grid for fv in the vicinity of fv,c can signifi-
cantly capture the shape of PBðfvjd; kÞ in the region of singu-
larity.10 Based on these arguments, a structured discretization
is used to increase the integration accuracy and saving in
computational time. This structure condenses discretization
points fv as it approaches zero and fv,c. For three successive
points i�1, i and iþ1, the discretization points are obtained
as

ðfv;iþ1 � fv;iÞ
�ðfv;i � fv;i�1Þ ¼ k (15)

or

fv;iþ1 � ðk þ 1Þfv;i þ kfv;i�1 ¼ 0 (16)

with i ¼ 1,2, …,M � 1. For the capillary pressure-controlled
region fv,0 ¼ 0 and fv,M ¼ fv,c, and for the surface energy-
controlled region fv,0 ¼ fv,c and fv,M ¼ 0.5. The parameter k is
defined as

k ¼ 1þ p

in the surface energy controlled region, and

Figure 3. Effect of energy dissipation rate on the shape
of probability density in the vicinity of fv 5 0.

d ¼ 0:006 m; k=d ¼ 0:7; e ¼ 1 m2
�
s3; r ¼ 0:0725 N=m and

d ¼ 0:001:

Figure 4. Comparison of CPU time between Wang’s
algorithm and modified algorithm as number
of discretization points increases.
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k ¼ 1þ gp; 0 � fv � fv;c
�
2

1� p; fv;c
�
2\fv � fv;c

�

in the capillary pressure controlled region, where 0 � p \ 1
and g � 0 are grid controlling parameters. g depends on the
shape of PBðfvjd; kÞ, and, therefore, on the energy dissipation
rate. As the energy dissipation rate increases, discretization
points need to become more dense in the vicinity of fv ¼ 0
(Figure 3). Values of g greater than unity condense
discretization points more rapidly as fv approaches zero. Large
values of g result in sharp condensing of discretization points
toward zero, while very small values of g result in sharp
condensing toward fv,c. When p ¼ 0, equal-size discretization
points are achieved.

Algorithm Efficiency

To evaluate the efficiency and strength of the presented
algorithm, the integral of Eq. 1 is evaluated by the improved
algorithm with different values of N. The integral is calcu-
lated on a Pentium

VR
4, CPU 3 GHz and 512 MB of RAM.

Figure 4 shows CPU time needed to calculate the integral.
The modified algorithm uses structured discretization while
Wang’s algorithm uses equal-size discretization. Evidently,
by increasing the number of subregions, the difference in
computational time for the two algorithms increases. How-
ever, as the figure shows, the modified algorithm is consider-
ably faster than the one proposed by Wang et al.21 approxi-
mately in the order of 10�1 s.

Considering the segmentation schemes, both methods have
a global truncation error of order h2.27,28 Having chosen
small values of h, both methods will have the same required
accuracy (often 3–4 significant digits), although the maxi-
mum global error associated with trapezoidal segmentation
is twice the rectangular segmentation (see the Appendix). It
is obvious that both methods will give the same result,
except at the points close to the singularity. As the grid
becomes denser, on the one hand the correct shape of
PBðfvjd; kÞ is followed closer, and on the other any discrep-
ancy is restricted to a smaller domain, leading to a smaller
overall error.10 Table 1 provides values of PBðfvjd; kÞ near
the singularity point for the two methods. Since the trapezoi-
dal segmentation overestimates the sections area, increasing
the discretization points helps the overestimation to be com-
pensated, but the rectangular segmentation, on the other
hand, underestimates and the area increases by increasing N.
For d ¼ 0.006 m, the improved algorithm reaches the
required precision by 600 points; however, this can be

reached by a 1,000 points by the Wang’s algorithm. This can
also be seen for d ¼ 0.002 m where in this case the Wang’s
algorithm needs 1,000 points to reach the value of 0.0751.

Notation

cf ¼ parameter of surface energy increase,
f 2=3v þ ð1� fvÞ2=3 � 1

d ¼ diameter of mother bubble/drop, m
ek ¼ kinetic energy of an eddy with size k, J
ek ¼ mean kinetic energy of an eddy with size k, J
fv ¼ breakup fraction
h ¼ step size
k ¼ discretization parameter
N ¼ number of discretization points
p ¼ discretization parameter

PBðfvjd; kÞ ¼ probability density function
PBðfvjd; ek; kÞ ¼ bubble/drop probability distribution function

Pe(ek) ¼ energy distribution function of an eddy with size, J�1

uk ¼ mean velocity of an eddy with size, m s�1

Greek letters

d ¼ parameter of the Wang’s model
e ¼ energy dissipation rate, m2 s�3

g ¼ discretization parameter
k ¼ eddy size, m
qc ¼ density of continuous phase, kg m�3

r ¼ surface tension, N m�1
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Appendix

Choosing h ¼ (b � a) in the integration interval [a,b], the
upper bound of the global truncation error eGj j for the two
segmentation methods to calculate

R b
a f ðxÞdx becomes27,28

eGj jtrapezoidal� ðb� aÞ h
2

12
max
a�x�b

f 00ðxÞj jf g (A1)

eGj jrectangular� ðb� aÞ h
2

24
max
a�x�b

f 00ðxÞj jf g (A2)

Evidently, the global error associated with trapezoidal seg-
mentation is twice the global error associated with rectangu-
lar segmentation, but both global errors have order h2. Fur-
thermore, the estimates depend on the size of the second de-
rivative, because f 00(x) measures how much the graph is
curved (in fact f 00(x) measures how fast the slope of f(x)
changes). Hence, very large and very small values of f 00ðxÞj j
give approximately the same truncation error. Furthermore,
the actual error is substantially less than the upper bound
of error.
As can be seen in Figure 1, the integrand asymptotically

approaches zero (as ek ! 1), and infinity (as ek ! ek,crit).
The integrand can be approximated as a straight line for ek
[ 1.35 � 10�6 J, and in the region near ek,crit. Hence, in
these regions both segmentations give negligible truncation
error (f

00
(x) is nearly zero). Therefore, the difference is re-

stricted to a small region in 1.1 � 10�6 J \ ek \ 1.35 �
10�6 J. Making order-of-magnitude analysis to determine the
maximum truncation error in this region, we obtain (b � a)
� 10�7, h � 10�9 (for 100 discretization points), and

max
a�x�b

f 00ðxÞj jf g � 1020. Hence, eGj jtrapezoidal and eGj jrectangular
have order 10�5. Clearly, the maximum error associated
with each method is very small compared with required
computational precision (often 3–4 significant digits).
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